In this work, we generalize the local spin analysis of Clark and Davidson [J. Chem. Phys. 115(16), 7382 (2001)] for the partitioning of the expectation value of the molecular spin square operator, Ŝ 2 , into atomic contributions, Ŝ A ·Ŝ B , to the noncollinear spin case in the framework of density functional theory (DFT). We derive the working equations and we show applications to the analysis of the noncollinear spin solutions of typical spin-frustrated systems and to the calculation of magnetic exchange couplings.
Introduction
Molecular magnets, spin-glasses, and topologically frustrated anti-ferromagnets are representative examples of materials exhibiting noncollinear magnetism, where the spins may be disordered and the direction of the magnetization density varies in space. [1] [2] [3] [4] Noncollinearity in the spin direction usually originates in the geometric frustration of anti-ferromagnetic interactions, magnetic anisotropy effects, or are induced for particular device applications.
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Although electronic structure methods needed to deal with such systems naturally involve the use of multi-determinant wave functions, the typical size and complexity of these systems prohibit the use of multi-reference wave function methods, and practical calculations are limited to single-determinant methods. 6, 7 Over the years, density-functional theory (DFT) has become one of the most successful and widely used computational tools for electronic structure theory of complex chemical systems, mainly due to the combination of its low computational cost and the availability of increasingly accurate approximations to the exchange-correlation energy. [7] [8] [9] [10] [11] Within the DFT formalism, a general description of the spin degree of freedom can be realized by allowing noncollinear spin magnetization. 2, [12] [13] [14] [15] [16] This generalization, refered to as noncollinear spin DFT, helped to gain insight into the underlying physics of materials properties and chemical processes involving magnetic systems. 2, [12] [13] [14] [15] [16] [17] [18] Although a wealth of DFT calculations currently employ the noncollinear spin formalism, the analysis of the resulting spin density is limited to the partitioning of the expectation value of the one-particle spin operator, Ŝ . This analysis provides information about the magnitude and direction of the spin magnetization of different atoms or molecular units but lacks information about interatomic spin interactions.
The concept of local spins 6, [19] [20] [21] [22] [23] is based on the partitioning of the expectation value of the molecular spin square operator, Ŝ 2 , and provides a valuable input to understand the electronic structure of molecules that complements the information obtained from oneparticle population analysis methods.
In Kohn-Sham (KS) DFT, Ŝ 2 is calculated in analogy to ab initio wave function meth-ods utilizing the auxiliary KS orbitals. 24 It should be pointed out that, although this is common practice, in DFT the formally correct way to evaluate Ŝ 2 is trhough a functional of the spin-density. [25] [26] [27] Local spin analyses rely on the exact decomposition of theŜ operator in terms of local projectors. 
Theory
In noncollinear spin DFT, spin noncollinearity is introduced through two-component Kohn-
Sham complex spinors
where the spatial orbitals, ψ ↑ i (r) and ψ ↓ i (r) are expanded in terms of atomic orbitals,
For the purpose of this work, it is convenient to use the one-electron density matrix
where D σσ µν are the four spin blocks of the complex density matrix used in this local noncollinear spin partitioning.
The local projection operator associated with atom A,P A is used to project the contribution of atom A from the total molecular spin. The total and local spin operators can be written asŜ = iŜ (i), and (4)
Using this definition ofŜ A , the square of the total spin operator becomeŝ
which can be expanded in terms of local projection operators usinĝ
In Eq. (7), the first and second terms on the right-hand side represent one-and two-electron 
where P σσ ηζ are the projected one-electron density matrix elements (for a detailed derivation of Eq. 10 please see the Supporting Information) For the collinear spin case (assuming spinpolarization in the z direction), the contributions from the cross-terms in the generalized spin-density matrices are all zero, and hence the last four terms in Eq. 10 vanish, giving an expression that is equivalent to Eq. (16) in the paper of Hermann et al. 29 For the purpose of implementing the local spin analysis, it is convenient to attempt to compact the notation in Eq. 10. To this end, we define the vector #» P µν of Cartesian components P
µν , and the scalar P µν = P ↑↑ µν + P ↓↓ µν . Using these matrices, Eq. 10 can be reduced to
where we have used the fact that the generalized density matrix P In order to find these noncollinear spin configurations in the self-consistent solutions of the KS equations, it is important to start from a suitable initial guess. For this work, the initial guesses were thus generated by pre-conditioning the electron spin density in a noncollinear configuration using a constraint that imposes local-spin moments in pre-selected directions.
These constraints are introduced via Lagrange multipliers. To this end, we write the local magnetization for atom A as
where W A is a local projector, D µν is the spin-density matrix vector with Cartesian compo-
defined from the Löwdin partitioning as
where S is the AO overlap matrix. For each atom A for which the local magnetization m A is to be constrained in a direction e A , an aditional term h A is included in H KS ,
where e A is a unit vector to which m A is constraint to be parallel to, λ A is a Lagrange mul- 
Results and Discussion

Spin Trimers
We have characterized a noncollinear spin configuration of the triangular H 3 He 3 test molecule, which is equivalent to a C 3h spin trimer with S=1/2 at each center. as it is the case here, the total magnetization can be rigidly rotated without changing the total electronic energy). Table 1 summarizes the total and local spins calculated using different density functional approximations. It has been noted previously that the local spins obtained using the projection operators scheme show basis-set and functional dependence.
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For this particular system, however, the functional dependence of the local spins is very small in this case, and in all cases the local spin at each H center is reasonably close to the ideal value of 0.75 for a spin-1/2 center, as expected, due to the localized nature of the magnetic moments. 14 to calculate local spins for both the noncollinear and ncollinear spin cases (Supporting Information). Considering the C 2h core structure of this complex, the three Mn are located at the vertices of an isosceles triangle, shown in Figure   1 (b). In the actual structure of the complex, Mn(1) and Mn(2) are coupled with Mn (3) by a O-Mn-O linkage. As it can be expected, most of the molecular spin is localized at the three Mn centers. The discussion here is focused on the Ŝ A ·Ŝ B values pertinent to the three Mn centers. Table 2 summarizes the total and local noncollinear spins calculated using different DFT approximations. Mn(1) and Mn(2), which are closer to each other than to Mn(3), are equivalent in this noncollinear solution and have the same local spin values.
From the local spin values Ŝ 2 Mn , it can be easily confirmed that the Mn centers are all in the local high-spin state. As pointed out previously, 19, 20, 29 even if these values cannot be formally interpreted as S(S+1), it is interesting to note that the Ŝ 2 Mn(3) , except for PBEh, are close to the ideal value of 3.75 for a spin-3/2 center. The corresponding values for the other two centers, Mn(1) and Mn(2), are indeed noticeably different from the ideal S(S+1). It can also be observed in Table 2 Table 2 . It is interesting to note that the local spin at the non-metal centers Ŝ 2 L , remains almost constant for all DFT approximations tested here.
The calculated total and local spin values for the collinear spin case corresponding to one of the broken-symmetry solutions with magnetization ↑ at Mn(1) and ↓ at Mn(2) and Mn (3) are summarized in Table 3 . For this broken-symmetry solution, the calculated Ŝ 2 Mn(1,2) follow a similar trend as in the noncollinear spin case, while Ŝ 2
Mn ( 
whereŜ k is the local spin operator on magnetic center k. This model spin Hamiltonian considers the isotropic exchange interaction between local spins associated with localized unpaired electrons. Taking the second-order derivative of the expectation value of Eq. 15
with respect to the inter-spin angle θ for a dinuclear system with centers A and B in its high-spin (HS) state , we can write
Assuming that the KS system behaves as the HDVV system upon differential rotations of the inter-spin angle, we can replace Ĥ
HDV V
with the KS energy in Eq. 16 to obtain
where in this case θ is the angle between the local spin vectorsŜ A andŜ B in the KS system.
Eq. 17 provides a method to calculate J AB from second derivatives with respect to the interspin angle of the total energy and Ŝ A ·Ŝ B . In previous works we have provided a similar methodology that involved knowledge of the nominal spin values. [52] [53] [54] The idea illustrated in this Section provides one step further to the determination of J AB without external ad-hoc parameters.
To determine the derivatives in the right-hand-side of Eq. 17, we employ noncollinear constrained DFT as described in the Computational Details Section and implemented in Ref.
52. The angle between the local magnetic moments is introduced as a constraint in the energy expression and the generalized density is fully relaxed subject to that constraint. We scan the energy and Ŝ A ·Ŝ B landscapes for small angles and then perform a numerical fit to obtain the quadratic coefficients in a polynomial expansion. This strategy is not optimal for production calculations, where a method based on analytical derivatives would be desirable, 53 but it serves our purposes in these proof-of-concept calculations. For comparision, the couplings J AB are also calculated using the conventional broken symmetry (BS) energy difference approach,
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where E HS and E BS are the energies of the high-spin (HS) and BS spin solutions, respectively. In Fig. 2 Table 4 shows the exchange couplings J HH obtained from second derivatives (Eq. 17) and from the BS energy differences approach.
It is worth stressing that, although both methods give close J values, the second derivatives method does not involve ad-hoc parameters, while the BS method uses S H = 1/2 in this case (Eq. 18). We note that for the shortest H-He distance the relative deviation between both methods is the largerst, with a percentage difference of about 2.5%. However, this is a somewhat unrealistic proof-of-concept case, and in most cases of practical interest the strength of J is much smaller. Also, it should be pointed out that both methods would exactly agree only in the case of a perfectly localized BS spin configuration.
The V 2 complex shows a strong antiferromagnetic coupling of about −107 cm −1 , as mea- sured by temperature-dependent magnetic susceptibility experiments. 60 For this complex, using the same procedure described above, we obtained a couplings of −179 cm −1 with the second derivative approach proposed in this work, and −201 cm −1 for the BS energy differences approach. We found that the small deviation between both methodologies is encouraging, especially considering that they are not expected to yield identical values for realistic systems such as the V 2 complex. As mentioned before, from a practical viewpoint a methodology that employs an analytical linear response implementation of this method would be desirable to extract both derivatives in Eq. 17. Work along this line is in progress.
Concluding Remarks
In this work we have derived the expressions for the local spin analysis for the case of a general noncollinear spin single-reference state. This analysis is based on the decomposition of the expectation value of the square of the total spin operator and utilizes general orthogonal atomic projectors. We have also implemented this decomposition using Löwdin projection operators and showed its applicability to characterize the local spins of two prototypical Derivation of Eq. 10 and Eq. 11 from the main text
Starting form Eq. 8 from the main text,
where m and n label two-component spinors, which can be expressed as |m = |m ↑ + |m ↓ and |n = |n ↑ + |n ↓ . Using this, we rewrite Eq. 1 as,
It is convenient at this point to label the terms containingŜ 1 ·Ŝ 2 from A-H:
Now, we evaluate each of these terms separately. To this end, we make use of the following relations:
The first term is
which using Eq. 4 becomes
Simplifying, this gives
Similarly, the B, C, and E terms are:
The mixed-spin terms (E-H) can also be reduced using Eq. 4:
Similarly, the terms F-H can be expressed as:
and
Substituting A through H in Eq. 3, we obtain Eq. 9 from the manuscript:
which can be expressed in terms of projected one-particle density matrices as: 
A more compact form of Eq. 13 can be derived by defining a vector #» P µν with cartesian components Substituting these in Eq. 13 and working the algebra algebra, one obtains:
where we have dropped the summations for simplicity. 
Replacing the notation ∑ µ∈A and ∑ ν∈B with subindices A and B, we obtain Eq. 11 of the main text: 
